Consider the problem
Introduction
Consider the fourth order elliptic problem
where B is the unit ball in R N , N ≥ 1, n is the exterior unit normal vector and λ ≥ 0 is a parameter. This problem is the fourth order analogue of the classical Gelfand problem (see [2] , [4] , and [9] ). Recently, many authors are intrested in fourth order equations and interesting results can be found in [1] , [2] , [3] , [5] , [8] , [10] , [11] and the references cited therein. In [5] Dávila et al. studied the problem (1) and showed that for each dimension N ≥ 1 there exists a λ * > 0 such that for every 0 < λ < λ * , there exists a smooth minimal (smallest) solution of (1), while for λ > λ * there is no solution even in a weak sense. Moreover, the branch λ → u λ (x) is increasing for each x ∈ B, and therefore the function u * (x) := lim λրλ * u λ (x) can be considered as a generalized solution that corresponds to λ * . Now the important question is whether u *
). Even though there are similarities between 1 and the Gelfand problem, several tools which have been developed for the Gelfand problem, are no longer available for (1) . In [5] the authors developed a new method to prove the regularity of the extremal solutions in low dimensions and showed that for N ≤ 12, u * is regular. But unlike the Gelfand problem the natural candidate u = −4 ln(|x|), for the extremal solution, does not satisfy the boundary conditions and hence showing the singular nature of the extremal solution in large dimensions close to the critical dimension is challenging. * This work is partially supported by a Killam Predoctoral Fellowship, and is part of the author's PhD dissertation in preparation under the supervision of N. Ghoussoub.
Dávila et al. [5] used a computer assisted proof to show that the extremal solution is singular in dimensions 13 ≤ N ≤ 31 while they gave a mathematical proof in dimensions N ≥ 32. In this paper we introduce a unified mathematical approach to deal with this problem and show that for N ≥ 13, the extremal solution is singular. One of our main tools is an improved Hardy-Rellich inequality that follows from the recent result of Ghoussoub-Moradifam about improved Hardy and Hardy-Rellich inequalities developed in [7] and [6] .
An improved Hardy-Rellich inequality
In this section we shall prove an improvement of classical Hardy-Rellich inequality which will be used to prove our main result in Section 3. It relies on the results of Ghoussoub-Moradifam in [6] which provide necessary and sufficient conditions for such inequalities to hold. At the heart of this characterization is the following notion of a Bessel pair of functions.
Definition 1 Assume that B is a ball of radius
has a positive solution on the interval (0, R).
where B is a ball centered at zero with radius
The following statements are then equivalent:
3. If lim r→0 r α V (r) = 0 for some α < N − 2 and W (r) − 2V (r)
As an application we have the following improvement of the classical Hardy-Rellich inequality.
Theorem 2.2 Let N ≥ 5 and B be the unit ball in R N . Then the following improved Hardy-Rellich inequality holds for all
.
(2) As a consequence the following improvement of classical Hardy-Rellich inequality holds:
Proof. Let ϕ := r
) is a bessel pair on (0, 1). By Theorem 2.1 the following inequality holds for all u ∈ . Then
and ψ(r) = r − N 2 +2 − 1 is a positive super-solution for the ODE
where
Hence the ODE (6) has actually a positive solution and by Theorem 2.1 we have
Similarly
Combining the above two inequalities with (4) we get (2).
Main results
In this section we shall prove that the extremal solution u * of the problem (1) is singular in dimensions N ≥ 13. The next lemma will be our main tool to guarantee that u * is singular for N ≥ 13. The proof is based on an upper estimate by a singular stable sub-solution. 
and
for some β > λ ′ . Then u * is singular and
Proof. By Lemma 2.6 in [5] we have (13). Define
where λ ′ β < γ < 1 and letū := u + α. We claim that
To prove this, we shall show that for λ < λ * u λ ≤ū in B.
Indeed, we have
To prove (15) it suffices to prove it for γλ * < λ < λ * . Fix such λ and assume that (15) is not true. Let
Obviously u λ is a solution to the above problem whileū is a sub-solution to the same problem. Moreoverū is stable since, λ < λ * and hence
We deduceū ≤ u λ in B R1 which is impossible, sinceū is singular while u λ is smooth. This establishes (15). From (15) and the above two inequalities we have
This is not possible if u * is a smooth solution.
In the following, for each dimension N ≥ 13, we shall construct u satisfying all the assumptions of Lemma 3. 
16
. Now we are ready to prove our main result. Table 1 . The extremal solution is therefore singular for dimensions N ≥ 13.
Proof. 1) Assume first that N ≥ 32, then
Moreover,
Thus it follows from Lemma 3.1 that u * is singular and λ * ≤ 8(N − 2)(N − 4)e 2 . 2) Assume 13 ≤ N ≤ 31. We shall show that u = w 3.5 satisfies the assumptions of Lemma 3.1 for each dimension 13 ≤ N ≤ 31. Using Maple, for each dimension 13 ≤ N ≤ 31, one can verify that inequality (9) holds for λ ′ N given by Table 1 . Then, by using Maple again, we show that there exists β N > λ The above inequality and improved Hardy-Rellich inequality (2) guarantee that the stability condition (12) holds for β N > λ ′ . Hence by Lemma 3.1 the extremal solution is singular for 13 ≤ N ≤ 31. The values of λ N and β N are shown in Table 1 . 
